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THE GENERAL LINEAR MODEL (GLM) 

     Y      =      X       x        +     

→ If a voxel “cares” about the task, then you should be able 
to predict its time-course from the onset and offset of the 
task. 

→  captures “how much” of ‘Y' your task/design is 
predicting. 

fMRI Signal Error Term Design Matrix 
“what we 

CAN 
explain” 

“what we 
CANNOT 
explain” 

= + Beta x 

“how much 
each factor 
contributes” 

“our data” = + x 

Statistical significance is basically a ratio of 
explained to unexplained variance 



THE GENERAL LINEAR MODEL (GLM) 

     Y      =      X       x        +     

fMRI Signal Error Term Design Matrix 
“what we 

CAN 
explain” 

“what we 
CANNOT 
explain” 

= + Beta x 

“how much 
each factor 
contributes” 

“our data” = + x 

Statistical significance is basically a ratio of 
explained to unexplained variance 

The 2 components of statistical analysis: 

1. 1. Estimation: “how big” is the effect? 

2. 2. Inference: is the effect we estimated statistically 

     significant? 



e.g. What is the relationship tying years of MATLB experience 
   and coding efficiency? 
 

Simple linear regression: 

ESTIMATION: LEAST SQUARES ESTIMATION 

𝒀 =  𝛽0 + 𝛽1𝑿1 + 𝝐 



More formally, 
minimize residuals: 

Predicted 
(i.e. Y-hat) 

Actual 
(i.e. Y) 
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THE GENERAL LINEAR MODEL (GLM) 

𝒀 =  𝛽0 + 𝛽1𝑿1 + 𝝐 Simple linear regression: 

𝒀 = 𝛽0 + 𝛽1𝑿1 + 𝛽2𝑿𝟐 + 𝛽3𝑿𝟑 + ⋯ + 𝛽𝑝𝑿𝑝 + 𝝐 

Multiple linear regression: 
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VOXEL-WISE GLM 
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VOXEL-WISE GLM 



VOXEL-WISE GLM 



2 

VOXEL-WISE GLM 



3 

VOXEL-WISE GLM 



VOXEL-WISE GLM 



ESTIMATION: LEAST SQUARES ESTIMATION 
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ESTIMATION: GAUSS MARKOV ASSUMPTIONS 

BEST 

LINEAR 

UNBIASED 

i.e., the estimator with least variance (or 

the “most precise” estimator) 

i.e., effects add up linearly 

i.e., the estimation, on average, yield the 

correct parameter 

● Under the following assumptions, the LS estimator is the 

Best Linear Unbiased Estimator (BLUE). 

“The most efficient estimator in the class of 

unbiased estimators of the parameter.” 



Source: J Mumford 



ε ~
𝑖.𝑖.𝑑.

𝑁 0, σ2𝐼  Error has mean 0 𝐸 ε𝑖 = 0 

Errors have 
same variance 

𝑉𝑎𝑟 ε𝑖 = σ2 

Errors are 
independent 

of each other 
𝐶𝑜𝑣 ε𝑖 , ε𝑗 = 0 

Error is Homoschedastic 

Errors are not Autocorrelated 

ESTIMATION: GAUSS MARKOV ASSUMPTIONS 

● Under the following assumptions, the LS estimator is the 

Best Linear Unbiased Estimator (BLUE). 
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A SIMPLE EXPERIMENT: THE FFA 

●  Ss: 1 participant 

●  Design: 16s Faces, 16s Houses (block design) 

●  Take Voxel 15,19,18, in right posterior temporal cortex 

 

 

 

 

 

 

 

 

 

●  Does this voxel “care” about faces? 



MODEL I: BOXCAR REGRESSOR 

= *  Y X 



MODEL I: BOXCAR REGRESSOR 



𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 159 =

150.99

202.44 × 0.16
= 4.66 

MODEL I: BOXCAR REGRESSOR 



MODEL II: CONVOLVED BOXCAR REGRESSOR 

𝑡 159 =
267.02

166.70 × 0.16
= 10.01 

Gaussian 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 



Double Gamma 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 

MODEL II: CONVOLVED BOXCAR REGRESSOR 

𝑡 159 =
344.74

168.67 × 0.16
= 12.77 



HOW TO MODEL THE HRF? 

Stimulus 



CANONICAL HRF 

Stimulus 

HRF (DGamma) 

F 

F 

F 

F 

F 



HRF VARIABILITY ACROSS SUBJECTS 

Handwerker et al 2004 Aguirre et al 1998 



Aguirre et al 1998 

same subject, same session same subject, different session 

HRF VARIABILITY WITHIN SUBJECTS 



Handwerker et al 2004 

Handwerker et al 2004 

HRF VARIABILITY ACROSS BRAIN AREA 



 Canonical HRF (DGamma): 

+ 1 parameter: easy to interpret; easy to integrate at 2nd level 

+ low(er) variance 

– Biased to find activations with the “specific” canonical HRF shape 

– In the face of great variability, likely to mismodel 

 

  

HOW TO MODEL THE HRF? 



BASIS FUNCTIONS I: HRF + DERIVATIVE(S) 

 Canonical HRF 

+ Temporal derivative (model variance in time to peak resp) 



BASIS FUNCTIONS I: HRF + DERIVATIVE(S) 

 Canonical HRF 

+ Temporal derivative (model variance in time to peak resp) 

+ Spatial derivative (model variance in duration of peak resp) 

Canonical HRF 

Temporal derivative 

Dispersion derivative 



BASIS FUNCTIONS II: CONSTRAINED SET OF BF 



BASIS FUNCTIONS III: FIR 



 Canonical HRF (DGamma): 

+ 1 parameter: easy to interpret; easy to integrate at 2nd level 

+ low(er) variance 

– Biased to find activations with the “specific” canonical HRF shape 

– In the face of great variability, likely to mismodel 

 HRF Basis functions (HRF+deriv; Const BF; FIR): 

+ Greater flexibility, better model individual HRFs (e.g., capture 
unexpected shapes and subject specific variability) 

+ Less biased towards a specific shape (FIR<cBS<HRF+ds) 

– Higher variance (because the HRF will be divided among several 
parameters) 

– Multiple parameters: not easy to interpret; how to integrate at the 
2nd level? 

 The problem: 

 Bias/Variance trade off 

 Assume known shape v estimate 

 X-Matrix mis-specification: Incorrect HRF will increase 2 

 

HOW TO MODEL THE HRF? 



X-MATRIX ASSUMPTIONS 

●  Deterministic & known 

●  No regressor is a linear transformation of one (or more) 

regressors 



MULTICOLLINEARITY 

●  No column of the X matrix can be obtained by linear combination 

of one or more other columns. 

 

●  The issue is not whether there is/isn't multicollinearity, but rather, 

“how much” is there. 

 

●  Two main consequences: 

– Decreased efficiency of the design degrades power. 

– Parameter estimates can vary wildly, even in the wrong 

direction! 



 

 

Source: J Mumford 
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Source: J Mumford 



𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 159 =

150.99

202.44 × 0.16
= 4.66 

MODEL I: BOXCAR REGRESSOR 



Double Gamma 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 

MODEL II: CONVOLVED BOXCAR REGRESSOR 

𝑡 159 =
344.74

168.67 × 0.16
= 12.77 



● Under the following assumptions, the OLS estimator is the 

Best Linear Unbiased Estimator (BLUE). 

Error is 
Homoschedastic 

Errors are not Autocorrelated 

ε ~
𝑖.𝑖.𝑑.

𝑁 0, σ2𝐼  Error has mean 0 𝐸 ε𝑖 = 0 

Errors have 
same variance 

𝑉𝑎𝑟 ε𝑖 = σ2 

Errors are 
independent 

of each other 
𝐶𝑜𝑣 ε𝑖 , ε𝑗 = 0 

Error is Homoschedastic 

Errors are not Autocorrelated 

ESTIMATION: GAUSS MARKOV ASSUMPTIONS 



TEMPORAL STRUCTURE 

●  If residuals are correlated, estimator is still unbiased but the variance 

estimate is not; and df are less than nominal. 

 

Corr(t,t-1) > 
0 

Corr(t,t-1) < 
0 



TEMPORAL STRUCTURE 

●  If residuals are correlated, estimator is still unbiased but the variance 

estimate is not; and df are less than nominal. 

 

● This can affect your T-test either way: 

i. Positive autocorrelation: underestimate of variance, T-tests artificially 

inflated (actual a up to 0.16 for a nominal of 0.05). 

ii. Negative autocorrelation: overestimate of variance, T-test artificially 

reduced. 

 

• Two strategies: 

i. High Pass filtering 

ii. Autocorrelation correction (“pre-whitening”; “colouring”) 



HP FILTERING 



MODEL II: CONVOLVED BOXCAR REGRESSOR 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 159 =

344.74

168.67 × 0.16
= 12.77 

Double Gamma 



MODEL III: HIGH PASS FILTER 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 159 =

349

154.08 × 0.21
= 11.05 

Double Gamma 



Errors are 
independent 

of each other 

AUTOCORRELATION 

ε ~
𝑖.𝑖.𝑑.

𝑁 0, σ2𝐼  𝐶𝑜𝑣 ε𝑖 , ε𝑗 = 0 

Errors are NOT 
independent 

of each other 

ε ~
𝑖.𝑖.𝑑.

𝑁 0, σ2𝑉  𝐶𝑜𝑣 ε𝑖 , ε𝑗 = σ2𝑉 

GM Assumption: 

fMRI Data: 

Errors are not Autocorrelated 

Errors are Autocorrelated 



Errors are 
independent 

of each other 

AUTOCORRELATION 

ε ~
𝑖.𝑖.𝑑.

𝑁 0, σ2𝐼  𝐶𝑜𝑣 ε𝑖 , ε𝑗 = 0 

GM Assumption: Errors are not Autocorrelated 

𝐶𝑜𝑣 ε1, ε2  

𝐶𝑜𝑣 ε2, ε1  

𝐶𝑜𝑣 ε𝑛, ε1  𝐶𝑜𝑣 ε𝑛, ε2  

𝐶𝑜𝑣 ε1, ε𝑛  

𝐶𝑜𝑣 ε2, ε𝑛  
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AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it: 

 

     1. Find matrix W such that WVWT=I 

     2. To whiten we have to premultiply the GLM equation by W: 

 

 

YVXXVX TT 111 )(ˆ 
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AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

 

● 4-step pre-whitening procedure: 

a. Run a regression (under the infringed assumption) 

b. Use the residuals to derive, empirically, the correlation 

structure V (and thus find W) 

c. Pre-multiply the GLM model by W to “whiten” the data 

d. Run a second regression, on the “whitened” data, to derive 

the BLU estimator of  



AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel): 
 

 

 

 

●  Lag 1 
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AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel): 

 

 

 

 

●  Lag 2 
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AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel): 

 

 

 

 

●  Lag 3 
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AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel): 

 

 

 

 

●  Lag 8 
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AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel): 

 

 

 

 

●  Lag 9 

[e01 e02 e03 e04 e05 e06 e07 e08 e09 e10 e11 e12] 

[e01 e02 e03 e04 e05 e06 



AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel) 

2.  For each lag, smooth estimates spatially ('regularization') 



AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel) 

2.  For each lag, smooth estimates spatially ('regularization') 

3.  Smooth (temporally) the correlation estimate, for each voxel 

('Tukey taper'). 

Woolrich et al, 2001 
NeuroImage 



AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

1.  Estimate the autocorrelation structure (for every voxel) 

2.  For each lag, smooth estimates spatially ('regularization') 

3.  Smooth (temporally) the correlation estimate, for each voxel 

('Tukey taper'). 

Woolrich et al, 2001 NeuroImage 

Raw 
(rxx) 

Smooth 

(rxx) 



AUTOCORRELATION: PRE-WHITENING (FSL) 

●  If only we knew the structure of the serial correlation in the data 

(V) we could get rid of it; but we don't know it. 

 

● 4-step pre-whitening procedure: 

a. Run a regression (under the infringed assumption) 

b. Use the residuals to derive, empirically, the correlation 

structure V (and thus find W) 

c. Pre-multiply the GLM model by W to “whiten” the data 

d. Run a second regression, on the “whitened” data, to derive 

the BLU estimator of  (under the assumption that we 

have properly modeled V) 



AUTOCORRELATION: PRE-WHITENING (SPM) 

● “We know what the autocorrelation structure is (more or less), so 

let’s model it with a global AR(1) model with correlation 0.2 plus 

white noise.” 

● Global estimation of the correlations: the correlation of the time 

series is averaged over voxels (thus the same model is applied to 

all voxels). 



MODEL III: HIGH PASS FILTER 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 159 =

349

154.08 × 0.21
= 10.78 

Double 
Gamma 



MODEL IV: WHITENING 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 159 =

273.36

130.20 × 0.21
= 10.00 

Double 
Gamma 



WHITENING ALGORITHMS PERFORMANCE 

Lenoski 08 IEEE 



AUTOCORRELATION: COLORING 

●  Impose a known correlation structure S 

●  If indeed SVST ~ SST then the error is N(0, 2S) 

●  So: SY = SX + S 

●  Estimates are unbiased but no longer efficient (according to 

how well V is “swamped”) 

Errors are NOT 
independent 

of each other 

ε ~
𝑖.𝑖.𝑑.

𝑁 0, σ2𝑉  𝐶𝑜𝑣 ε𝑖 , ε𝑗 = σ2𝑉 

𝑌 = 𝑋β + 𝑉ε 



Desig
n 

Power Spectrum Coloring Pre-whitening 

COLORING V. WHITENING 



COLORING V. WHITENING 



MODEL V: MOTION CORRECTION 

Double Gamma 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 159 =

242.85

102.91 × 0.21
= 11.24 



MODEL VI: DELETE FIRST 4 TRS 

Double Gamma 

𝑡 𝑑𝑓 =
𝑋𝑇𝑋 −1𝑋𝑇𝑌

σ2
ˆ

𝑋𝑇𝑋 −1

 
𝑡 155 =

241.79

103.44 × 0.21
= 11.13 
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